ON THE FUNCTIONAL EQUATIONS [f(x+iy)|= |f(x)+£(iy) |
AND |[f(x+iy)| = |f(x)-f(iy)] AND ON IVORY'S THEOREM

Hiroshi Haruki
(received February 7, 1966)

1. Introduction. Considering Cauchy's functional
equation

f(z_1+z2) = f(zi)+f(zz),

where f(z) is an entire function of z, we have the following
functional equation:

(1) |£Getiy) | = [£(x)+(y) [,
where x and y are real.

R.M. Robinson [1] proved the following interesting
theorem: If f(z) is regular for |z| < r, and satisfies the
functional equation (1) for all real values of x and vy, then

f(z) = Az, f(z) = Asin(bz), or f(z) = Asinh(bz),
where A and b are constants and b is real.

In §2 we shall give a new proof of the above theorem.

In §3 we shall solve the following functional equation by
using the method of R.M. Robinson [1]:

(2) [f(xtiy) | = [£(x)-£(iy) ],
where x and y are real and f(z) is an entire function of z.

In a previous paper "On Ivory's Theorem!' ([2], cf. [3])
we discussed the functional equation lf(x+y)-f(x-y){ =
If(x+?)-f(x—?), connected with Ivory's Theorem. In §4 we
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shall solve two functional equations connected with Ivory's
Theorem the second of which shall be solved by applying the

result of § 3.

2. New proof of the Theorem of R, M. Robinson.

Proof. We may assume that f{{z) # constant. Using the
+ o0

+
power series f(z) = I P n(apJf 0) in [z! < r and

a  Z
n=0 P70
equating the terms of degree 2p with respectto x and y in
(1), we have p =1.

Putting g(z) =‘§(E)' in |z|<r, wehavein |z|< r
1
(3) g(z)=z+b2z2+b323 + ... +bnzn+...

We have b1 = 1. We use induction to prove that bn

(n=1,2,3,...) are real. The result is true for the integer 1.
Suppose that it is true for 41,2,3,..., m.

Since g(z) = _fa(_z)_ , by (1) we have in |x+iy| < r
1
(4) lgtetiy) | = [glteliv) |2

By (3) we have in |x+iy| < r

(5) g(x+iy) = (x+iy) + bZ(x+iy)2 + b?’(x-i-iy)3 + ...
m m+1
b i i ey
+ m(x+1y) + bm+1(x+1y) +
_ . - 2 = . \3
(6) gl{x+iy) = (x-iy) + bz(x—ly) + b3(x~1y) + ...
- .o m - . m+1
+ bm(x—ly) + bm+1(x-1y‘) + .

= (x-iy) + bz(x—iy)2 + b3(x-iy‘)3 + ...

m+1

m - .
) +bm+1(x-1y) + o0,

+b  (x-i
m(x iy
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where by inductive hypothesis —BZ = bZ’ b3 = b3, e bm = bm'

By (5), (6) the coefficient of x " 1y in the left side of (4) is
Yy

m+1 . om+1 - -
7 i -ib - b +ib .
(7) i 1 )bm+1 ! m+i1 o 1 ) m+1 ! m+1

Since ,g(x) + g(iy)]z = (g(x) + g(iy)) (g{x) + g(iy)), the coefficient

+
of x 1y in the right side of (4) is

(8) -lbm+1+lbrn+1 .

Since (7) = (8), we have bm+1 = brn+1 .

The result now follows by induction.

If x and y are real, then by the above result we have in

[x+iy| < r

(9) glxtiy) = glx-iy),
(10) g(x) = g(x),
(11) g(iy) = g(-iy).

By (4), (9), (10), (11) we have in |x+iy| < r

(12)  glxHy)glx-iy) = g (x)+g(x)g(-iy)+gliy)g(x)+e (iy)g(-iy).

Differentiating (12) twice with respect to y and putting
y =0, by g(0) =0 we have in |x|<r

(13) g(x)g'(x) - g'2(x) = g"(0)g(x) - g'>(0).

Equating the coefficients of xyz of both sides of (4), we

1
have b ,g__&l

=5, = 0. Hence by (13) we have in |x| < r

(14) g(x)g ' (x)-g'S(x) = -g'2(0).

Since g(z) is a regular function of z, by the identity theorem
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and (14) we have in |z|< T

g(Z)g"(Z)-g'Z(Z) = -g‘Z(O).

Solving this differential equation, the theorem is proved.

3. On the functional equation ]f(x+iy)! = ’f(x)—f(iy) I .

In this section we shall solve the functional equation
(2) lE(etiy) | = [£(x)-£(iy) ],
where x and y are real and f(z) is a regular function of z.

THEOREM 1. If f(z) is regular for Izl <r, and
satisfies the functional equation (2) for all real values of x and.
y, then the solutions of (2) are the following and only these:

2
f(z) = Az+Bz ,
or f(z) = Asinez +Bcosaz-B,

or f(z) = Asinhoz +Bcoshaz-B,

where A, B are arbitrary complex constants and o is an
arbitrary real constant.

Proof. By (2) we have in ’zl <r

(15) |£(x+iy) 12 = |f(x)-£(iy) |2

)

where x, y are real. We may assume that f(z) # 0.

+c0
. . +
Using the power series f(z) = Z a P (a $0
ptn 1%
n=0
where p is a natural number) in [zl < r and equating the terms
of degree 2p with respectto x and y in (15), we have p = 1.

Putting g(z) = fa(.z)
1

in |z|<r, we have in |z| < r

Q

(16) g(z) = z+b zz+b 23+...+b 2+ ..
2 3 n

By (15) we have in lz, <r

476

https://doi.org/10.4153/CMB-1966-058-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1966-058-x

z+z zZ-Z
)- g%

(17 e2)z(@) = (552 0.

g

Substituting (16) in (17) and equating the coefficients of z32 of
both sides, we have

b =
3

wlw

1
b3 4b

Hence we have 53 = b3. Hence b3 is real.

Substituting (16) in (17) and equating the coefficients of
zn of both sides for n> 3, we have

Zn‘1 n
?_—i—bn=P(b2, b3, b4,...,b b,b,b, ..., b )

ici , weey b, B, b ,b,...,b
coefficients bZ’ b3, b4 n-1 > 3 4 n-1 and
2" n 1 5..5.,5 5 )

- - b = b ) e y b » b ’ b » 3 ’ ]
Zn-i bn 2n—ibn P(bZ’ b3’ 4 n-1" 72" 73 74 n-1

where n(> 3) is odd, and P is a polynomial in the earlier

coefficients b_, b b , b b 134, v ey b

27 73 T4 "t T’ T2 T3 n-1 °

Since 2™ 1nd0 (>0), 2% (nt1) 40 (>0) and
n-1

2 -(n-1) :% 0 (>0) for n> 3 the remaining coefficients
bn(n > 3) are uniquely determined in terms of bZ’ b3 where
b3 is real.
On the other hand
1 bZ b
g(z) = ——— sin N - €b3z +'3',—g- cos N -6b 3% -T
N —6b3 3 3
=z +b222 ‘i-b3z3 + ...,
b2 b
or g(z) = sinh~ 6b z +-§ coshx}éb z2- 30
N 6b 3 3

3
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3
z+b222+b3z + ...,

z +b222 s

or g(z)

respectively, are normalized solutions of the functional equation
lg(x+iy) | = |g(x) - gliy)], if b3 is negative or positive or 0.

Since the remaining coefficients b (n > 3) are uniquely
n
determined in terms of b_, b_, there can be no other normalized

2" 3
solutions. Thus the theorem is proved.

4. On Ivory's Theorem. In a previous paper "On Ivory's
Theorem' ([2], cf. [3]) we discussed the functional equation
If(x+y)—f(x-y)[ = ]f(x+?) - f(x—‘i)l connected with Ivory's Theorem.
In this section we shall solve two functional equations connected
with Ivory's Theorem.

LEMMA. If H(z) is one-valued and regular in |z|< &

i 2
where 6 is a positive constant and A(t) = ]H(tew)l where
t, ¢ (¢ fixed) are real, then we have
a®(0) = 2re(e 2 1M (0)HO) + 4223 1 (0) HT(OY) +6 () |5

Proof. Since this is easy, we omit it.

THEOREM 2, Let us assume that ABCD is an arbitrary
rectangle (whose sides are parallel to the coordinate axes) with
the constant intersecting angle 2¢ (0 < ¢ < % ) of the two diago-
nals, We put A' ={(A), B' = £{(B), C'={(C), D' = {(D) where
W = f(z) is an entire function of z. If A'C' = B'D' in the

2
W-plane for all such A,B,C,D, then f(z) =az +bz+c or

f(z) = asin(az) + bcos(az) + ¢ or f(z) = asinh(az) + bcosh{az) + ¢
where a, b, ¢ are arbitrary complex constants and o is an
arbitrary real constant, and only these.

Proof. By the condition A'C' = B'D' we have the
following functional equation:

(18)  Jiette™®) - s(x-te'®) | = |t ferte ) - £ (eote )]

where x is an arbitrary complex number and t is an arbitrary
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real number. (¢ 1is a real constant with 0< ¢ < % )

By (18) we have

(19) lf(x+tei¢) - f(x-tei(p) IZ = ff(x+te-i¢) - f(x-te-i('a)f2 .

Differentiating (19) four times with respect to t and
putting t = 0, by the above Lemma we have

2Re(16e21¢f”' (x)f'(x)) = 2Re(16e-21¢f”' (x)I'(x)) .
Hence, by sin2 ¢ % 0 we have
(20) Im(f'"'" (x)f'(x)) = 0.

We may assume that f(x) ¥ 0. Then there exists a
vicinity V where £(x) % 0. Hence, by (20) we have in V

Irn(frn (X)) -0
£'(x) )

Hence, we have in V

(21) (=) _

)

where K 1is a real constant.

Solving this differential equation (21), the theorem is
proved.

THEOREM 3. Let us assume that ABCD 1is an arbitrary
rectangle (whose sides are parallel to the coordinate axes) and
one of four vertices A, B, C, D is a fixed point which repre-
sents a complex constant y . We put A'={(A), B' = {(B),

C' = f(C), D' = f(D) where W = £(z) is an entire function of =z.
If A'C' = B'D' in the W-plane for all such A, B, C, D, then

2
f(z) =az +bz +c or f(z) = asingz + bcosez + ¢ or f(z) =
asinhoz + bcoshaz + ¢ where a,b,c are arbitrary complex
constants and « is an arbitrary real constant, and only these.

Proof. By the condition A'C' = B'D' we have the
following functional equation:

(22) [f(y+x+iy) - £(y) ] = [f(y+x) - £y +iy) ],
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where x, y are real. Putting g(z) = f(y+z) - £f(y), by (22) we
have

(23) lg(x+iy)| = |e(x) - gliy)],
where x, y are real. By (23) and Theorem 1 in § 3 the theorem
is proved.
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